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In an isothermal continuously stirred tank reactor (open chemical reaction system) fed by sulphuric acid solutions of 
bramate, bromide and cerium(IlI) b&ability (three steady state situation) is experimentally observed. This remrukable be- 
havior. based on the instability of one steady state, has important consequences for the understanding of excitability and 
biochemical control mechanisms. The mass-ba!.ance eqwtions for the reactor and the chemical mechanism of the reaction 
are combined into a simple mathematimt model. The behavior of the resulting nonlinear differential equations is examined 
analytically and by a graphical integration procedure (method of isoclincs). Using realistic kinetic data, the model shows the 
same behavior as observed in the experiment. 

1. Introduction 

Multi-steady state situations in homogeneous che- 
mical reactions have been predicted to exist in open 

systems under conditions far from equilibrium [ I] . 
This remarkable behavior has been shcwn to be caused 

by the nonlinear kinetics that may arise through feed- 
back mechanisms (e.g., autocatalysis) [2,3,4]. As 

shown in fig. 1 the three steady state situation for a 
system described by two independent variables can 
be illustrated conveniently in the phase plane [5]. The 
system considered here can exist in two stable steady 

(4 Ibl 

Fii. 1. Three steady state situation [two stable states(foci) and one unstable state (saddle point)1 in the phase plane of an arbitrary 
system which is described by two independent variables (a). The tines represent nonstationary states (trajectories) along which the 
system evolves to the steady states- The temporal response of the system to both super-threshold (1) and sub-threshold (2) stimuli 
(big and small arrows) is derived from the phase plane fb). Curvei; of this type are frequently observed in excitable biological syr 
terns (from [61). 
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states (foci). The third steady state (saddle point) is 
unstable and gives rise to excitabifity phenomena ex- 
tensively described in [2 J. The evolution of the S~S- 

tern to a new stable steady state as the result of a super- 
threshold stimulus (big arrow) is shown on the right- 

hand side of fig. I_ A sub-threshold stimulus (small 
arrow) does not give rise to a transition but acts as a 
perturbation on the steady state of the system. 

The t?rst report on bistabihty (three steady state 
situation) in a real chemical reaction system @eroxi- 

dase catalysed oxidation of NADH by 0,) appeared 
in 1968 [7] _ Since then a few autocatalytic reactions 
combined with an inhibitional reaction step have been 

found to exhibit bistability when carried out in P con- 
tinuously stirred tank reactor (CSTR) [S, 93. No ma- 
thematical model, using kinetic data obtained from cx- 
periment, has been proposed for those systems. Re- 
cently bistable behavior arising in homogeneous che- 
mical reaction systems has attracted new interest and 
has especially been discussed for the oscillating 
Belousov-Zhabotinskii reaction (BZR) ]lO]. 

In the present proper we shall report in detail the 
autocatalytic bromate-bromide-cerium(II1) reaction 
taking place in the CSTR. The behavior of this reac- 
tion system has been described qualitatively in [9]_ 
The mathematical model we shall propose is based on 
experimental data and on kinetic data presented in [ 11, 
12]- Finally we shall examine the resulting system of 
nonlinear differential equations analytically and inte- 
grate them by application of a graphical integration 
procedure (method of isoclines [5]). 

2. Reaction system 

The reaction system we consider is the ideal CSTR 
containing a sulphuric acid solution of bromate, bro- 
mide and cerium(II[). The reactor consists of a well- 

stirred tank with a steady inflow of reactive materials 
(bromate, bromide and cerium (III) in sulphuric acid 
solution) and a continuous outflow of (partially) 
reacted materials [9] _ The chemical reaction taking 
pIace in the reactor is the autocataIytic oxidation of 
cerium(U[) by bromate in the presence of bromide 
and represents the pure inorganic subsystem of the 
BZR. This nonoscillatory subsystem includes the trigger 
prdeess which in combination with a suitable regene- 
ration step (organic compounds> gives rise to oscilla- 

tory behavior. The overall reaction may be written as: 

2HBr0, f 2HBr f 2Ce2(S04)3 f 2HzS04 
(li 

We derive the chemica! mechanism from the detailed 
kinetics of the oscillating Belousov-Zhabotinskii reac- 
tion published by Field, KGrijs and Noyes (FKN) 
[12,131. Omitting the organic species and applying 
bromide the mechanism of the overall process (1) can 
be described by the following chemical processes: 

kK3 
BrOs + Br- f 2H* - HBrOZ+ HOBr , 

kizs 
Br- f HBrO, + H+ - 2 HO& , 

BrOj f HBrOZ f H 
+ ll_Rs 

[2 BrO; f Hz0 , 

BrCJi f Ce3* t H’ ‘1 Ce4+ + HBrO, , 

km 

(2) 

(3) 

(4) 

(9 

2HBr0, - BrOj f HOBr f Hf _ (6) 

The rate constant subscripts refer to the constants 
chosen by FKN [I3 ]. The complete chemical mecha- 
nism is considerably more complicated, but the sim- 
plified version presented here is sufficient for the de- 
scription of the bistable behavior of the system. 

In accordance to FIOJ steps (2), (3) and (5) are 
assumed to be bimolecuIar elementary processes. Fur- 
thermore, step (4) is rate-determining for the overall 
autocatalytic process [(4) f 2(5)] to which bromide is 
a strong inhibitor [14]. Cerium(IV) ions produced in 
step (5) are not assumed to be reduced by any chemi- 
Cal reaction. 

3. Experimentzl section 

A stirred glass tank reactor which could be operated 

both batchwise and continuously was employed (91. 
The temperature of the reaction mixture was kept 
constant (25’C) by means of a water flow through the 
cooling jacket of the tank. The volume V, occupied by 
the reaction mixture was 0.1 IL During the reaction 
the concentrations of bromide and cerium(IV) were 
recorded continuousIy by potentiometric and spectro- 
photometric techniques. In the first case an electrode 
specifically sensitive to bromide was used. In the second 
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Fig. 2. Typical plot of the autoatiytic reaction containing initially bromate, bromide and cerium (III) in sulphuric acid solution 

(reactor operating batchwise). Initial concentrations were: [KBr03 lo= 2 X 10m3 M. [KBrio = 

= 1.5 X lo4 Xi. Solvent: [HzSOd j = 1.5 M. T = 25°C. Reactor volume VR = 10eL P. 
1O-s bl, [(Nt14),Ce{N03)s- 6HzOJo 

case bIue light (X = 402 nm) was employed. The inten- 
sity was measured by means of a photomultiplier. 

In fig. 2 a representative result is shown for an ex- 
periment carried out in the batchwise operating re- 
actor. Initially containing a sulphuric acid solution of 
biomate the reactor was started up by rapidly adding 

a mixture of cerium(II1) and bromide in sulphuric 
acid solution. The initial concentrations of the reacting 
s lbstances are indicated in the legend of the figure. 
From the potentiometric trace of the bromide sensi- 
tive electrode it can be seen that a fast bromide con- 
sumption period occurs initially. It is followed by a 
quasisteady state period wk&ein the consumption 
of bromide is very slow. At a certain time a critical 
value of the concentration of bromide is achieved 
and the inhibitional effect of bromide to the autoca- 
talytic reaction step ceases. The rate of the autocata- 

lysis accelerates and gives rise to further depletion of 
bromide. Finally a low quasi-steady state concentra- 
tion is attained. 

Fig. 3 illustrates the typical b&able behavior of the 
reaction wlien carried out in the isothermal CSTR [9j_ 
The upper curve records the potential of the bromide 
sensitive electrode. The lower curve records the con- 
centration of cerium(lI1) obtained spectrophotometri- 
tally. It has been derived from the spectrophotometric 
signal of the cerium(IV) ions which are assumed to be 

the only other cerium species. The experiment was 
started up as a batch experiment but was immediately 
continued by entering of three separate feed streams 

namely sulphuric acid solutions of bromate, bromide 
and cerium(III). The concentrations of the feed ma- 
terials in the inlet streams were chosen in such a way, 

that the resulting inlet ccz;entrations directly after 
mixing were equal to the initial concentrations used 
in the batchwise operating reactor. 

From fig. 3 we recognize that the system can ope- 
rate in two different stable steady states corresponding 
to different steady state concentrations of bromide 
and cerium(II1). The transition from one stable steady 
state to the other is a trigger process obeying the all- 
or-nothing law of excitation. There also exists one 
unstabIe steady state situated between the two stable 
states. It is character&d by a critical concentration 
of bromide (- 1O-6 M). With respect to stimuli the 
unstable steady state plays the role of critical state 
dividing the kinetic behavior of the system into two 

ranges. The fransition from one stable steady state to 
the other requires super-threshold stimull. Being in 
the upper (lower) stable steady state the system can 
be stimulated by decreasing (increasing) the inlet flow 
concentration of bromide for a short time. The effects 
of both super- and sub-threshold stimuli are also shown 
in fig. 3. The small arrows indicate the moments the 
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Fig. 3. Typicat plot of the bistable behavior of the autocatiiytic reaction carried out in an isothermal CSTR. Initial and inlet con- 
centrations: [Kf3r03io =2X 10-3Xf. [KSrlo= 10-shf, [(NH4)-LCe(N03)s-6HzOIo = I.5 X 10’LLSolvent: [HzS04] = Uhf. 
T = 25°C. Reactor volume VR = 1O-‘P. Totat ROW rate 8= 4 X lO”‘Ps-t (from [g]). 

stimuli were applied. Details on strength and duration 
of the apphed stimuh may be found in [9,231_ 

The long-lasting rise of cerium(II1) reflects the ma- 
terial flow and is not affected by any chemical reaction. 
During this period the autocatalytic reaction step is 
completely inhibited by bromide. 

4. Mathematical model 

In this section a mathematical model for the bistable 
reaction system is developed. For the chemical me- 
chanism presented by eqs. (2)-(6) the chemical spe- 
cies Br03, Ce3+, Br- supplied to the reactor and the 
intermediate fiBrOZ are assumed to be the essential 
variables. By application of the mass-balance equation 
we obtain the foliowing system of nonlinear differen- 
tial equations: 

k = kOAO -AR&A Y - k,,AH,X+ k,X2 - koA, 

at=kR3AH;Y - k,,H,XY 
(7) 

f k,,AH&- 2kR4X2 - koX, 
(8) 

I;=k,Y,,-k,,ff;AY-k,,H,XY-k,Y. (9) 

.i? = k$, - kRs d&)X - k& _ (10) 

The following abbreviations are used here for the con- 
centrations of the chemical species* (see [ 131): A z 
[BrO~],X= [HBrO3], Y~[Br-],Zm[Ce3’],H~ 
[Hi]. The rate constant k. results from tie constant 

inlet and outlet flow of the feed materiafs and the 
reaction mixture respectively. It is calculated from 
i?o = ti/vR (@: total flow rate through the tank; r/R: 
volume of the tank). In the above equations the sub- 

script zero is also used to indicate the feed mate&&. 
Furthermore, it can be seen from the equation sys- 
tem that the tank is fed by all essential chemical indi- 
viduals but X. This species is not assumed to be pre- 
sent in any feed solution. 

As shown elsewhere [ 141 bromate and tierium(III) 
are not consumed completely during the overall reac 

tion (I)_ From this fact and because of the excess con- 
centration of bromate used in the experiments we es- 

timate the variation of bromate to be only about 5%. 
merefore we regard the concentration of bromate to 

remain constant (2 = 0; A = Aa = const.). Thus we ob- 
tain: 

* In contrast to FKN [ 13 1 the symbol 2 designates the con- 
centration ofCe3 * isstead of Ce4” . 



Table 1 
Rate constants and concentrations of the feed materials 

Rate constant Ref_ Feed concentration 

kR2 = 2 X Lo98f -%? EL2.131 
kR3 = _- 7 t&f-3s” 

do= 2X IOy3M 
[l&13 J Ho = L5 hf 

kR4 = 4 x 10’~~-‘~-’ tw31 Xo=Qhf 

kR5 = I@ If-* S-l [12.131 ye = lo-s&f 
ko = 4.5 x 10-s s-r rhis work 2, = 1.5 x 10-F&Z 

2 = kR3Ao@Y-kR$oXY 

+kRsAoHoX- 2kR4X2- koX, 
(11) 

Y=k,y,-kR3ff;AoY-kRZHoXY-koY, (12) 

i = k,Z, - kRsA*HoX- k&i?. Q3) 

Eqs. (1 I)-(t3) can be handled more easily by intro- 
ducing the new abbreviations ccl, . . . . a7: 

ilir=alY-or~XY+(~s-a~)X-cr4Xz=F(X, Y),C14) 

~=a,-(~ot,+CYrg)Y-~~XY=G~X, Y), 05) 

i=ar7-o5Z-CX3X, 1116) 

where 

aI = kR3AQ& = 9-S X IO- s 3 -I , 

Q~=k&fO=3X 10’b~-lS-‘, 

a3 = k,, A&, = 30 s-l , 

a4 = 2kR4 = 8X107M-Ls-1, 

aS=ko=4.5X 10-3s-‘, 

tr6=koYg=4.SX 10-8his-1, 

a7 = koZo = 6.7 X lo--’ MS-!. 

The rate constants and the concentrations of the feed 
solutions are listed in table 1. 

Eqs. (14) and (15) do not depend on the variable 
Z_ Makiig use of the soIution X(r) obtained from 
eqs. (14) and (I 5) eq. (16) can be solved immediately 
by means of the convolution integral: 

f 
Z(r) = Z(0) - GE3 f exp[-~~(t-f)]X~~‘)dt’, (17) 

0 

where 

Z(0) = cK7/ars . 

By now the equation system (7)-(10) is reduced to 
two nonlinear differential equations. For studying such 
systems some general mathematical methods have been 
developed [S,IS]. Because of the wide range occupied 
both by the rate constants and by the concentrations 
of the chemical individuah the numerical integration 
procedure requires special integration techniques 
[13,16-20). Therefore a topological investigation in 
the X-Y phase plane and 2 graphical integration proce- 
dure (method of isocbnes) rrrere empIoyed. 

The graphical method for integrating the differential 
equation system (14) and (15) starts with the calcuhr- 
tion of the isoclines 1. Dividing eq. (15) by eq. (14) 
yields the differential equation: 

For fixed values III = dY/dX this equation describes 
the isoclines I, which intersect the trajectories R(f) 
= (X(f), Y(f)) - the solution of equations (14) and 
(15) for various initial conditions - in points with 
slope rtl. By constructing a sufficient number of iso- 
clines we can draw the solution curves belonging to 
different initiai conditions (fig. 4). 

We are able to regain the time scale by means of 
the equation: 

(19) 

In fig. 4 the temporal evolution of the system to the 
stable steady states is also illustrated. 

The intersections of the isoclines I (singular points) 
represent the steady states to which the system 
evolves for 1 ri A m_ The steady states can be calculated 
easily by means of the isoclines I0 (slope 0) anit I_ 
(slope 05): 

10: Y=afJ[ozX+ (or +qIl , P4 

I rxl : Y= [tx4X2 - (a3 - a5)X]j(q - a,X) _ @[I 

I& general shape of these isoctines (called nu~l~~in~s) 
is shown in fig. 5. 

From both eqs. (20) and (21) we obtain the cubic 
equation: 
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Fig. 4. Plot of the trajectories of the mode1 system in the X-Y phase plane (a)_ The temporal response of the system to both super- 
threshold (1) and sub-threshoId (2) stimuli (big and small arrows) is derived from the phase plane (b). 

x3 - 
“z(Q; --erg) - +q + a5) 

Q2cy4 
X2 

(22) 

From the sequence of the signs of the coefficients 

(+ - + -) we conclude that three steady states may 
exist in the physically relevant positive quakant of 

the X-Y phase plane provided that the parameters as, 

elk are suitable chosen (note that the other parameters 

Fig. 5. The qualitative shape of the nuktines in the X-Y phase 
plane. 

of the system are fried by the chemical mechanism). 
Numerical calculation gives the values listed in table 2. 

4.3. Analysis of stubSty of the steady staates 

For analysing the behavior of the trajectories in the 
neighbourhood of the steady states is is sufficient 
(under appropriate conditions) :o investigate the Iinearised 

system obtained by Taylor series expansion of F(_X, Y) 

and G(X, Y). Let g and 77 be deviations from the steady 
state under consideration: 

&Y=x- x,, q=Y-Y,. 

Then we get: 

ac 
6=,x 

ac 

I I 5s 
E+,, ,,9- 

(23) 

(24) 

By introducing 

Table 2 
Steady states and eigenvalues (computed from the model) 

kg’= -2.3x10-zs-~ x(2= 9_4s-L 

&J)= --5_7x~03s-l 2L __14& 

a)= -3x1&-’ 

Ag’= -l_lX 103,-1 
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Fii. 6. The plot of the functionsfT(k’) and --&(I’) derived from eq. (28). 

aF I =A,,, 
aF 

ax FE I =A12, 
s 4 

i3G I ac 
ax =A21* $y 

I 
_‘A22 9 

ss SS 

tie obtain: 

0 ( 

.g = Ali A,2 E 

11 A21 .42 )( ) rz * 
(25) 

The matrix A&s given by 
. 

AI1 = -QzYss-- - %Y,&&” (a3 -+j) 1 

A12= ai - qXSS, 

4421 =--~~yss, 

A22= - (q +q~--+&- 

The characteristic equation (35) gives information 

about Lhe nature of the steady states: 

~2-fA,,~A22)X+~At,A22-~2tff12)=Or (26) 

or 

Thus we obtain for the three steady states (see ako 

table 2): 

XtEr fi’)- stabile node p?’ ss- 

(At,2 < 0, real valued) , 

@:I, ei’: saddle point 

(XI CO, X2 > 0, real valued) s 

A$:), u<;3,): stable node 

(X1,2 < 0, real valued). 

Bistable behavior earl be described using only one 

first order differential equation E&2 11. As shown in 
[13] the special character of the variable X motivates 
the application of quasistationarity to this species. 
lir = 0 leads to: 

Replrrcing X of eq_ (15) by eq_ (27) yieids: 



8 -t&F_ i 
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t 
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% 
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Thus the differential equation system (1 1, 12) is re- 

duced to i’=f(Y). This function can be split into two 
terrns,f-(Y) describing the material flow through the 
tank, and rk( Y) describing the rates of the chemical 
reactions. Thus we obtain: 

f( y, =fR(Y) +fT(Y) 1 

where 

fq)=Q6-qY7 

(29) 

(330) 

Both function f;(Y) and -fR(Y) are shown in fig. 6. 
The steady states determined by p = 0 are represented 

by the intersections of the curvesf=(Y) and -f~( Y). 
Of course the resuits agree with table 2. In analogy to 
electrical systems the functionf=(Y) can be referred 
to as “chemical load line”. On the other hand the 
function&(Y) represents the characteristic of the 
reaction system. 

By plotting f=f(Y) =fT(Y) - (-fR(Y)) one gets 
the dynamical diagram from which the character of 
the steady states can easily be recognised (fig. 7). 

Stability is given in the case of d f/d Y C 0, whereas 
d?/d Y > 0 means instability. Of special interest is the 
case dg/dY= 0, d2 >/dY2,10. Reafizing this situation 
by suitably increasing (or decreasing) a6 a small pertur- 
bation will initiate a transition to the other stable 
steady state [2 J. 

5. Discussion 

In this paper we have demonstrated how to mo- 
dify the original FKN mechanism for the oscillating 
Belousov-Zhabotinskii reaction to obtain bistability. 
The mathematical model shows tha; under appropriate 
conditions hyperbola-like c&es (isoclines) generally 
associated with chemical reactions can intersect three 
times thus establishing three steady states. Further- 
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more, applying quasistationarity technique for reducing 
the number of differential equations gives rise to the 

appearance of a nonmonotonic function (28) rather 
different from the usual cubic power series as for the 
van der Pol oscillator. The mathematical model agrees 
quite well with the experimental results. This state- 
ment is confirmed by a comparison of the temporal 
course of the concentration of bromide into the stable 
steady states after having applied both sub- and super- 
threshold stimuli and the calculation according to eq. 
(19) Moreover, the upper steady state concentration 
of bromide calculated from the model is in good accor- 
dance with the value observed experimentally. How- 
ever, the model predicts a lower stable steady state 
at about 10-t* M and an unstable one at about 10M8 
M concentration of bromide. Such low concentrations 
cannot be measured reliably by bromide sensitive 
electrodes [12,22]. So it is an open question whether 
or not there exist concentrations of bromide as low 
as predicted_ If there are no experimental methods to 
answer this question it might te of academic interest 
only. 

A somewhat more delicate problem arises from the 
assumption of reaction step (4) to be rate-determining. 
Certainly this is true if there is a sufficient amount of 
cerium(ILL). Otherwise the radical BrOi will not be 
further converted to HBrO,. By this the autocatalysis 
E(4) + 2(5)] will be blocked. 

The necessity for improving the model can be seen 
by inserting the steady state value X$(HBr02) into 
eq. (IO) and taking ,? = 0. Depending on Z0 it is pos- 
sible to obtain even negative concentrations of ce- 
rium(III). From this we conclude that cerium(III) 
in this case has dropped to such a low value that reac- 
tion step (5) must be taken into account. On the 
other hand we tried various concentrations of cerium- 
(III) and found more or less the same overall behavior 
a~ illustrated in fig. 2. That is why we regard our mo- 
del to be suitable for describing the multiple steady 
state situation experimentally observed in the CSTR. 
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